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5.6.1Modelling with Differential Equations

Modelling with Differential Equations
Why are differential equations used to model real-world situations?

= Adifferential equationis an equation that contains one or more derivatives
= Derivatives deal withrates of change, and with the way that variables change with respect to one
another
= Therefore differential equations are a natural way to model real-world situations involving change
= Most frequently inreal-world situations we are interested in how things change over time, so the
derivatives used will usually be withrespecttotime t

How do | set up a differential equation to model a situation?

= Anexam question may require you to create a differential equation frominformation provided

= The question will provide a context from which the differential equationis to be created

= Most often this willinvolve the rate of change of a variable being proportional to some function of the
variable

= Forexample, the rate of change of a population of bacteria, P, at a particular time may be
proportional to the size of the population at that time

= The expression ‘rate of’ (‘rate of change of...’, ‘rate of growth of...’, etc.)inamodelling questionis a

strong hint that a differential equationis needed, involving derivatives withrespect to time t

dP
= Sowith the bacteria example above, the equation willinvolve the derivative E
= Recall the basic equation of proportionality
= |fyisproportional to x, theny = kx for some constant of proportionality k
dP
= Soforthe bacteria example above the differential equation needed would be E =kP

= The precise value of k will generally not be known at the start, but willneed to be found as part of
the process of solving the differential equation
= |tcanoftenbe usefultoassume that k> O when setting up your equation
= |nthiscase, -k will be usedin the differential equation in situations where the rate of change s
expected to be negative
= Sointhe bacteria example, if it were known that the population of bacteria was decreasing,

dpP

then the equation could instead be written —— = — kP

dt
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@ Worked example

a)

In a particular pond, the rate of change of the area covered by algae, A, at any time tis directly
proportional to the square root of the area covered by algae at that time. Write down a
differential equation to model this situation.

.i.ﬁ- = k\j’ﬂ— (w\,\g‘-g k v & ceailaal

of ?rcfort;onml |t7)

Newton'’s Law of Cooling states that the rate of change of the temperature of an object, T, at
any time tis proportional to the difference between the temperature of the object and the
ambient temperature of its surroundings, T,, at that time. Assuming that the object starts off
warmer thanits surroundings, write down the differential equation implied by Newton’s Law of
Cooling.

The o'b_jer.t ‘s mSSuvﬂﬂ.A ta 'ba. wormer 5 £ EENEeS Z'ts
Sorrounclinjs‘ So T- -To.? (0]

dT ‘(

—:l.‘_t_: -k(T-T@

(w\nq.re k>0 is o constant of f”‘fm—t;‘“‘““t?)

\

Ve exfec.t 't'l.-.q ‘[szan..ture 't.o \:Q -ler.ﬂzms:ﬂs,
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5.6.2 Separation of Variables

Separation of Variables
What is separation of variables?

= Separation of variables can be used to solve certain types of first order differential equations

d
= | ook out forequations of the form d_-))(/ = g(X)b(y)

dy
" e a is a function of X multiplied by a function of
= be careful - the ‘function of X’ g(X) may just be a constant!

d
= Forexamplein d_i(/ =6y, g(x)=6anah(y)=y

= |fthe equationisinthat formyou canuse separation of variables to try to solve it
= |fthe equationis notinthat form you willneed to use another solution method

How do I solve a differential equation using separation of variables?

STEP1: Rearrange th tioninto the rm{L\Q= (x)
. Rearrange the equatio otheTo b(y)}dx g

\

= STEP 2: Take the integral of both sides to change the equationinto the form
1
f—dy=fg(X) dx
h(y)

= You can think of this step as ‘multiplying the dx acrossand integrating both sides’

= Mathematically that’s not quite what is actually happening, but it will get you the right answer

here!
= STEP 3: Work out the integrals on both sides of the equation to find the general solution to the
differential equation
= Don’tforgettoinclude a constant of integration
= Althoughthere are twointegrals, you only need to include one constant of integration

= STEP 4:Use any boundary orinitial conditions in the question to work out the value of the integration

constant
= STEP 5:1f necessary, rearrange the solution into the form required by the question
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O Examiner Tip /

Your notes
= Be careful withletters - the equation onan exam may not use X and V' as the variables

= Unless the question asks forit, you don’t have to change your solutioninto ¥ = f(X) form -
sometimes it might be more convenient to leave your solution in another form
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@ Worked example

For each of the following differential equations, either (i) solve the equation by using separation of

variables giving your answerinthe form y = f(X) or (i) state why the equation may not be solved
using separation of variables.

dy e*+4x
dx 3y

a)

STEPL: 3y*ql=e’+'x  sl0ze’six b =3
HEE & 537137 = ( e+ 4x) dx
4 ‘[———Uon"t {'orﬁat Can)to.nt

STEPR 3¢ 7’ = ex + 2)(1 * c of ‘nntera.t:on

STEP Li"' NO Eaunéo.r‘r r_ana;t;uns j.-vqn, Y- _slt.nt-: 512?

STEP S : 7:3[@:«')_,&:,(; 7:{@
dy
b) E—4xy—21nx.

ley" 2."‘\)( ;5 ﬂot o‘? tLQ. 'Ferm 5(7‘.)\'\(7),
So it mm7 nol be so\ve.J usinj sgro.ro.-t;an

AT o (R
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—— =3y, giventhat y =2 whenx =0.

© dx

STEF &L+

STEP 72

STER 3¢

STEP %=

SLEY 5*°

d
— 2 e 9()=3  hy) =y

f--"' - '?of GT. constomt
Do . 9 '
\n lY\ = A% + ¢ of \ntejfo.tlon

{___7=2 «LQn X=O

\n‘l\ =3(0)+rc =) c=1a2

For the Lw\mlary r.onc];t;an 77-?., 7 >(3.
Thecefore we can Jf‘ofa B undilas s:Sn feom l)’\

) i Tt 2 () (™)

= e ™ y =T
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5.6.3 Slope Fields 4
Your notes
Slope Fields
What are slope fields?
dy
= We are considering here a differential equation involving two variables of the form a = g(X, y)
dy
= |.e.,thederivative a is equal to some functionof xand y

= |nsome casesit may be possible to solve the differential equation analytically, while in other cases this
isnot possible
= Whetherornot the equation can be analytically solved, however, itis always possible to calculate the
dy

derivative —7— atany point (x, y) by putting the xand y valuesinto g(X, y)

dx
= This means that we can calculate the gradient of the solution curve at any point that the solution
might go through
= Aslope field for a differential equationis a diagram with short tangent lines drawn at a number of points
dy

= The gradient of the tangent line drawn at any given point will be equal to the value of =5 at that

dx
point
= Normally the tangent lines will be drawn for points that form a regularly-spaced grid of xand y
values
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How canl use slope fields to study the solutions of a differential equation?

= Looking at the tangentlinesin a slope field diagram will give you a general sense for what the solution
curves to the differential equation will look like
= Rememberthat the solution to a given differential equationis actually a family of solutions
= We need appropriate boundary conditions orinitial conditions to determine which of that family of
solutionsis the precise solutionin a particular situation
= You canthink of the tangent linesin a slope diagram as ‘flow lines’
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= Froma given point the solution curve through that point will ‘flow’ away from the pointin the /
direction of the tangent line
= Foragivenpoint,you canuse aslope field to sketch the general shape of the solution curve that goes Your notes

through that point
= The given point here serves as a boundary condition, letting you know which of all the possible
solution curvesis the one you want to sketch
= The sketch should go through the given point, and follow the general ‘flow’ of the tangentlines
through the rest of the slope field diagram
= |ngeneral, the sketched solution curve should not attempt to connect togethera number of
different tangentlinesin the diagram
= Thereisno guarantee that the solution curve will go through any exact pointin the ‘grid’ of
points at which tangent lines have been drawn
= Theonly tangentline that your solution curve should definitely go throughis one at the given
‘boundary condition’ point
= The sketched solution curve may go along some of the tangent lines, but it should not should not
cut across any of them
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SOLUTION CURVE THROUGH THE ORIGIN

= |Lookoutforplaceswhere the tangentlines are horizontal

= Therefore such points may indicate local minimum or maximum points for a solution curve

dy
= Atsuchpoints —— =0
dx
dy
= Be careful - not every point where —5—
dx
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d /
= Buteverylocal minimum or maximum will be at a point where d_ =0
X Your notes
dy
= Don’tforgetthatyou canalso solve the equation a = g(X, y) =0 directly toidentify points
where the gradientis zero
dy _ .
= Forexampleif d_ = Sln(X - y) ,then the gradient will be zero anywhere where
X

x—y=0,+m £2m, +3m, ...

= Thisis anotherway toidentify possible local minimum and maximum points for the solution
curves

= |f suchapointfalls between the ‘grid points’ at which the tangent lines have been drawn, this
may be the only way to identify such a point exactly
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@ Worked example

Consider the differential equation

1 x—1)2
dy L &
—=-04(y-2)3(x—-1)e 25
dx
a) Using the equation, determine the set of points for which the solutions to the differential

equation will have horizontal tangents.

T\"e solut;on le \—\a.ve \'\Or;zo‘-\to-\ J[o-ﬂjents
...A—Z—:O_

WLQ\"QVQ(’ AK

Tl-\e_ gxronent;all 'Fungt;oﬂ ;S never E.GLUG-‘ tﬂ Zero.

dy
-—A-:':O w\v\e.n 7'2=O or R-1 =0,

T\ne solot;ons ui” Lnuvo. Lor;zo-nto.\ tomae.n'ts
P o ony Foint wherce 7'-'-7. or x=1,

The diagram below shows the slope field for the differential equation, for — 10<x<10and
—-10<y<10.
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b)Sketch the solution curve for the solution to the differential equation that passes through the point

(0,-8).
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5.6.4 Approximate Solutions to Differential Equations /

Your notes
Euler’s Method: First Order
What is Euler’s method?

= Euler’s methodis a numerical method for finding approximate solutions to differential equations
= |ttreatsthe derivativesinthe equation as being constant over short ‘steps’
= Theaccuracy of the Euler’'s Method approximation can be improved by making the step sizes smaller

How do luse Euler’s method with a first order differential equation?

dy
= STEP1: Make sure your differential equationisin d_ = f(X, y) form
X
= STEP 2: Write down the recursion equations using the formulae Yo+ = Y, +hX f(Xn, yn) and
X =X + h fromthe exam formula booklet
n+1 n

= hinthose equationsis the step size
= the exam question will usually tell you the correct value of hto use

= STEP 3: Use the recursion feature on your GDC to calculate the Euler's method approximation over the
correct number of steps

= thevalues forXO and yO willcome from the boundary conditions givenin the question

O Examiner Tip

= Be carefulwithletters - in the equationsin the exam, andinyour GDC’s recursion calculator, the
variables may notbe xandy

= |f an exam question asks you how to improve an Euler's method approximation, the answer will
almost always have to do with decreasing the step size!
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@ Worked example /
Your notes

Y
Consider the differential equation d_X +ty=x+ 1 with the boundary condition y(O) =0.5.

a) Apply Euler's method with a step size of h=0.2 to approximate the solution to the differential

equationat X = 1.
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'F Tfom
Euler's method Yot =Va Hhx f(x,,9,); X, =X, +h {’;tEpQI::;tsrt\?nt E f; rn‘:ll a:t
oo e

dy
9TEE A8 a—x- )(-7.{-'

——"
flx,y)
STEP 2:  y . = ya+0.2%(x.=ya*1)  x_, =%,+0.2
=
W (from
1::51;;"\) ‘F(X“' 7“)
STEP 31 We -neh! ta Sat L} '?rum O ta 1] 50 we
will need 10-0 =5 steps.
o / 7(0)-— 0.5
n Wes Y
© 0.5)
| 0.2 0.6
.4 0.4 0.2 feom GDC
3 0.6 0. 38506
4 0.3 l.oo48
9 l 116384

y()=1.16 (3s..)

b) Explain how the accuracy of the approximationin part (a) could be improved.
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Make tLQ 5tef 5;7.0. smos.no.r.
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Euler's Method: Coupled Systems
How do luse Euler’s method with coupled first order differential equations?

dx

= STEPT: Make sure your coupled differential equations are in dt =f1(X,y,t) and

d
T}; = fz(X,y, t) form

= STEP 2: Write down the recursion equations using the formulae X

Lo =X FhX fl(xn, Y. tn),

= + X =t +
Yor1- Y, h fl (Xn’ Yo tn) and tn 41 tn h from the exam formula booklet
= hinthose equationsis the step size

= the exam question will usually tell you the correct value of hto use
= STEP 3: Use therecursion feature onyour GDC to calculate the Euler's method approximation over the

correct number of steps
= thevalues forXO, yO and tO will come from the boundary conditions given in the question

= frequently you will be given aninitial condition
= |ookout fortermslike ‘initially’ or ‘at the start’

= inthiscase tO

O ExaminerTip

= Be carefulwithletters - in the equationsin the exam, and in your GDC’s recursion calculator, the

variables may notbe x,y andt.
= |f an exam question asks you how to improve an Euler's method approximation, the answer will
almost always have to do with decreasing the step size!
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@ Worked example /

Your notes
Consider the following system of differential equations:
W =3yl
=2x—- +
dt Y
dy

1
=x+y+——
ar X7V T

Initially x=10and y = 2.

Use Euler’'s method with a step size of 0.1to find approximations for the values of xand ywhent=0.5.
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Eulel;s;-lethod for X, =X +hx fi(x,,y..1) from

coupled systems .

ot Yo = Vet WX fi(E Dsty) Bl [ Termle
‘n‘l =t||+k Lﬂoklﬂt

STEP 1: Eal’uo.t;nﬂs ore alreaéy in the rroqur

RS
/"'_‘"-.._.A-___...----\
ot 0.1% (2x,- 3y, + 1)

STERP 7= Ragr =
]
Yoaer = 7“+.O'1,'(x“*)’“+t"ﬂ) tﬂ+l=t"+o'l
"

W ({d"om
1_.:(512.:-) ‘F" (x" A t")

STEP “3: Ta jtt t {f‘om & Te 0.5 werared "o':‘i—_—rg'f' 2 51-‘-f5-

/9 Taitially x=210 and y=2

x(0.5) =15.5 (3 s.§.)
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n a2 Xo | ¥
(o 10 iy,
I 0. | 1.5 %.3
1 0.2 12.91 4.8709 feom GDC
3 0.3 1%. 173 .7323
4 (s L | [S.037 8.8955
5 0.5 15.475 . 36

7(0.5)= 1.4 (3 s.f.)
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